Abstract. The existence of a transverse invariant measure imposes a strong restriction on the transverse complexity of a foliated manifold. The homological self-intersection of the corresponding foliation cycle measures the complexity around its support. In the present paper, the vanishing of the self-intersection is proven under some regularity condition on the measure.
Introduction
It is a basic problem for the theory of foliations to investigate how the transverse structures can be twisted. If a foliation has a foliation cycle, its dynamical behaviour becomes mild in some sense. In this paper, we study the homological self-intersection of foliation cycles which reflects such a phenomenon. For a foliation cycle C, a similar invariant Xv(^) = [C] n e(v^) is considered, where e(v&~) denotes the euler class of the normal bundle i/y to y. The self-intersection [C]2 has some relation to %v(&~) as explained later. As for the estimate or the vanishing of Xv(&~) > see V> anc * 5] .
The leaves of a foliation 1? fill up a foliated manifold (Af, y ) without intersecting with each other. This suggests the vanishing of the self-intersection in many cases. In this paper a sufficient condition for the vanishing is given.
Throughout this paper, we assume that a foliated manifold (M, y ) is both tangentially and transversely oriented, Af and y are smooth, and Af is closed. Let p, q, and « be dim y, codimy, and dimAf respectively. The tangent (resp. normal) bundle to y is denoted by xSF (resp. vSF). The foliation cycle (resp. the invariant measure) which corresponds to a transverse invariant measure p (resp. the foliation cycle C) is denoted by C = Cß (resp. p = pc). Homology and cohomology always imply de Rham's ones. Ù* denotes the de Rham cochain complex. For the fundamentals of foliation cycles, see [7] .
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The fundamental classes of compact leaves
First, we deal with the fundamental classes of compact leaves as a special case of foliation cycles. Through some examples, we make simple observations on their self-intersections. To begin with, we review the following two well-known propositions, first of which is known as the Bott vanishing theorem and is one of the starting points of this paper. Proposition 1.1 [1] . The normal bundle vf? admits a GL+(q, Rfconnection which is flat along the leaves of y.
Such a connection is called a "Bott connection" or a "basic connection" and is not unique. Remark. Proposition 1.3 does not hold for general foliation cycles, e.g., if we take 2 [7] instead of [7] , the l.h.s. is multiplied by 22 = 4, but the r.h.s. is multiplied by 2. . For a given integer / such that 1^1 < 2_1|x(^)| = g -1, we can construct a foliated S2-bundle Ç which has a compact leaf with its self-intersection / as follows. For such J , there exists a flat SL(2, K)-vector bundle £, : E -» Lg with (e(Ç), [Zg]) = J (see [4] ). Let 7 be the 0-section of £. Then, [7] 2 = /. Next, consider a flat M3-bundle « = £ © e ' where e ' is the trivial flat real line bundle. Then take the associated flat S2-bundle Ç which is the required one. The subhemisphere bundle Ç+ (resp. Ç-) of Ç which corresponds to the hemisphere {(x, y, z) £ S2 ; z > 0 (resp. z < 0)} is nothing but the original flat vector bundle ¿; (resp. with its orientation reversed) so that the 0-section corresponding to (0, 0, ±1) determines a compact leaf L± with [7±]2 = ±J .
Remark. In the above construction, if we fix the base space Lg, the selfintersection of a compact leaf 7± is bounded by g-l, because the compact leaf is diffeomorphic to the base space. If we want to increase the self-intersection of a compact leaf, we have to embed a compact leaf of higher genus. One way to do that would be to realize a compact leaf 7 as a finite orbit of the holonomy group of another compact leaf 7n . However, in such a way, the self-intersection vanishes, because 7 and 7n are disjoint and [7] 
, where k is the covering degree of 7 -> Lq .
Another way would be to realize a compact leaf as a finite orbit of the global holonomy of a foliated bundle. But again, this has little hope as illustrated in the next example. Example 1.6. Let us consider a foliated ^-product over a closed oriented pmanifold A, i.e., a product S^-bundle it : M = X x Sp -> A which has a /^-dimensional foliation y whose leaves are transverse to the fibres. Let 7 be a compact leaf of y, and k be the degree of the covering tp = n\i : L -> A. If k is greater than 1, the self-intersection [7] 2 vanishes.
Proof. Let ñ : M = L x Sp -> 7 be the pull-back of the foliated ^-product n by tp so that Af admits a foliation y which is transverse to the fibres of ñ , i.e., y = 0*y where tp : M -» Af is the covering map induced between the total spaces. The inverse image (¡>~X(L) = 7 is mapped onto 7 by tp\~ with degree k .
The pull-back 7Ï has the tautological section whose image Ln is a connected component of 7. Therefore 7 splits into a disjoint union of 7n and 7' = L\Lq. They are mapped onto 7 by tp in degree 1 and (k -1) respectively. The pth homology groups and the induced homomorphisms corresponding to the above diagram constitute the following commutative diagram.
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e HP(M) is obtained and we see Problem. For a given 2/i-dimensional manifold Af, does there exist the upper bound for the self-intersection of any compact leaf of any p-dimensional foliation on Af ? How about in the case of foliated bundles with their base space and fibre specified?
2. Vanishing of self-intersections 2.1. In the previous section we observed an extreme class of foliation cycles and a phenomenon that cycles with larger supports tend to have the trivial selfintersections. In this section, we state and prove a vanishing theorem of the self-intersections for another extreme class of foliation cycles. Theorem 2.1. Let p be a transverse invariant measure of a foliated manifold (Af, y) supported on a smooth submanifold N of M satisfying the following conditions.
(1) dimA>/? = dimy.
(2) pis bounded on N, i.e., for any transverse manifold T of (N ,&~\N), the induced measure p\p on T is bounded w.r.t. any Riemannian volume of T.
Then the self-intersection of Cß vanishes, i.e., [Cß]2 = 0.
2.2. To prove Theorem 2.1, we construct a closed smooth #-form 9ß = 9(Cß, e) which is the Poincaré dual to the foliation cycle Cß and show that
Let us first consider the case of a compact leaf 7 and Cß = ¡L. We fix a Riemannian metric g on Af. Hence we consider that the tangent bundle 7Af of Af splits as 7Af = ry © vfF and i^y = x9~L carries a fibre metric naturally. Let E denote the total space of vSF and Er denote the corresponding disc bundle {v £ E ; \\v\\ < r} of radius r. The Thorn isomorphism implies that there exists a closed g-form 9 e Q.q(Ex , dEx) such that JE 9 = 1 over any point z e Af. We fix such a Thom form <I>. Next, we choose e > 0 so that the exponential map expe : Ee\L -> Af is an embedding. Let mr denote the fibrewise multiplication by r on E, i.e., mr : is -► 7¿ , mr(z, v) = (z, r-v).
Then, as is well known, the smooth #-form <I>(7, e) = (expe om£)»3> represents the Poincaré dual to [7] .
2.3. To obtain the Poincaré dual to foliation cycles Cß in general, what we want to do is "/^ [the above construction] dp ." We fix a finite open covering %f = {Ux■ = Df x D« ; i £ J"} of Af by foliated charts and {tpt ; i £ J"} be a smooth partition of unity which is subordinate to the covering %. We take £o > 0 so small that expEo is an embedding over each plaque of %. Now let <I>£ denote the #-form (mE)*i> on Ee which is also a Thom form and is concentrated on Ee. 9e is pushed down to Af leaf by leaf and is integrated along y (= the leaf space) by the measure p. To be precise, for each plaque 7>f x {y} of Uj (y £ DJ), define a smooth <7-form 9(y, i, e) on Af as 9(y, i,e) = {expl,\DPx{y})t(<pj0 7i)'9E
where n denotes the bundle projection E -> M. Next, for each U¡ a smooth g-form 9(i, e) is defined at each point z e Af as 9(i, e)(z) = 9(y,i, e)(z)dp¡(y) (2) The cohomology class of 9(Cß, e) does not depend on e.
The closed q-form 9(Cß , e) represents the Poincaré dual to the foliation cycle Cß.
Proof. (1) We first remark that the form 9(Cß, e) does not depend either on the choice of the covering ^ or on that of the partition of unity {<p¡} . Then, on a small neighbourhood of each point, the form 9(Cß, e) is considered to be the integral of closed forms on the neighbourhood along the transverse space by the measure p . Therefore 9(Cß , e) is closed.
(2) For 0 < Ö < e, 9¿ and 9e are cohomologuous in Ee. Hence there exists a (q -l)-form ¥ £ Q.q~x(Et, dEE) such that dx¥ = 9e-9ô. Replacing 9E by *F in the above construction, we obtain a smooth (q -l)-form ^(Cf) e Q«-1 (Af) instead of 9(Cß, e). Then it is easy to see that dV^f) = 9(Cß, e) -*(C",¿). (3) We show that the p-current C(e)= [ ■ A9(Cß,e) Jm (weakly) converges to the current Cß as e -► 0. Because the smooth form 9(Cß, e) is closed and its cohomology class is independent of e, the same holds for C(e) and its homology class. Then, especially for any closed p-form oe £ QP(M), we have For this, we have to know the behaviour of 9(Cß, e) as e -► 0 and of the exponential map exp£ a little more closely. For any point z £ M, choose a foliated chart U = Dp x Dq = {(x, y); x = (x\, ... , Xp),y = (yx, ... , yq)} around z as follows. First, let z be the origin (0, 0) and 7 be the leaf through z. Take orthonormal framings (Vx, ... , Vp) and (Wx, ... , Wq ) of x^\l and vSF\l respectively around z and take the normal coordinate (xx, ... , xp) of 7 around z w.r.t. the framing (Vx(z), ... , Vp(z)) and the metric q\l . Then, we define the coordinate (£ = (£,, ... ,Çp), n = («i,..., nq)) of E\L around z as ({, «) = (x, «i • Wx (x, 0) H-Y nq • Wq(x, 0)). Next, take the normal coordinate (yx, ... ,yq) of the transverse disk exp£o(7i£0jZ) w.r.t. the framing (Wx(z), ... , Wq(z)) and the metric q , and thus as a foliated chart, the y-coordinate is defined around z.
At (0,y), the framing expt(0 y=r¡)((Vx, ... , Vp)) = (V¡, ... , Vp) may not be orthonormal. Therefore, by the orthogonal projection, (V{,..., Vp) is projected to the framing (V(', ... , Vf) of xSFiq^ and, by the Gram-Schmidt method, we obtain an orthonormal framing (Vx, ... ,VP) of x&(o,y) ■ Then, take the normal coordinate (xx, ... , xp) on the leaf Ly through (0,y) around (0,y) w.r.t. the framing (Vx, ... , Vp)<Qyy) and the metric \j\iy. Thus we obtain the foliated chart {(x, y)} = Dp x Dq = U of some radii ex and e2 of Dp and Dq respectively. The smoothness of (Af,y) and the compactness of Af guarantees that we can choose ex and e2 uniformly, i.e., they do not depend on z but only on (Af, y) and g. We also obtain an orthonormal framing (Vx, ... ,VP,WX, ... , Wf) of xf? © v9~\u = TM\¡j from the framing (£-, ... , £-, -£-, ... , -£-) by the Gram-Schmidt method.
Then, by the coordinates (<*, «) and (x, y), the exponential map As our estimate is uniform w.r.t. z, it is enough to estimate the form E"í>£ only on the transverse disk {x = 0} = E({£ = 0}). Therefore we may assume fu = 0. Combining all above estimates and this remark, we obtain the following estimate of the form E*i>£. The final estimate is given as follows. To obtain the estimate at a point m £ M, take a foliated chart U = Dp x Dq = {(x, y)} around m. For a point z = (x, y) we obtain the above #-form E*3>£ which is now denoted by 9(y, e). We may assume that there exists a constant A4 > 0 which depends only on (Af, y) and g such that if ||y|| > A4 -e the point m = (0,0) is not in the support of 9(y, e). Thus the Poincaré dual 9(Cß , e) to Cß around m is given by 9(Cß,e)= [ 9(y,e)dp(y)
where D(r) denotes the subset {y ; ||y|| < r} of Dq and dp is the measure on Dq determined by p . Therefore around m , we obtain 9(Cß,e)A9(Cß,e) = ¡¡ 9(yx, e) A 9(y2 ,e)dpx dp(yx, y2) If |7i| + |72| > q, ßJt A ßj2 = 0. Therefore, putting the above in order, we obtain the following estimate 9(Cß,e)A9(Cß,e) -IL ££*/■/•<*/ A ßjdpxdp(yx,y2).
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Here, we may assume that there exists a constant A5 which depends only on ( Af, y ) and g such that the functions 9U are estimated as \9,j\<K5-e-\J\.
Therefore, there exists a constant K¿ of the same kind such that the integrand of the above formula is estimated as £ £>//•<*/ A ßj <K6.e-q s I,J where the l.h.s. is the natural norm as a g-form. On the other hand, the assumption that p is bounded against the Lebesgue measure implies that there exists a constant A7 of the same kind such that dp x dp(D(r) x D(r)) is estimated as dpxdp(D(r)xD(r))<K7-r2q.
Combining the last two estimates, we obtain the uniform estimate 
